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Multivariable Computer Control of a Butane
Hydrogenolysis Reactor:

Part |. State Space Reactor Modeling

A state space model is developed for an existing nonadiabatic packed-bed

reactor which experiences axial and radial concentration and temperature
gradients resulting from highly exothermic reactions involving several chem-
ical species. The set of partial differential equations is reduced from three to

ARTHUR JUTAN
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two dimensions using orthogonal collocation. Further use of orthogonal and

collocation on the quasi steady state version of the differential equations re-
sults in a set of coupled algebraic and differential equations from which a
linearized low-order state space model is obtained. The model parameters
are estimated from reactor data, and the fitted model is used for design and
imnlementation of a multivariahle stochastic control schemes on the reactor.

J. D. WRIGHT

Department of Chemical Engineering
McMaster University
Hamilton, Ontario, Conada

These applications are described in parts IT and III of this paper.

SCOPE

The catalytic chemical reactor represents one of the
more complicated processes to model in chemical engineer-
ing. Becaure of this, it is essential when deriving a process
model to keep in mind the purpose for which the model
is to be used. If, for example, the model is to be used as
the basis for on-line regulatory control of the reactor, large
simplifications to most of the models proposed in the litera-
ture must be made. Although most of the models tend to
be somewhat complex and, in general, unsuitable for con-
trol, by examining the formulation of these models some
insight into the important effects occurring within a re-
actor may be gained, and ideas for simplifying the models
for the purnoses of control mav be found.

Beek (1962) and Froment (1967, 1972) present great in-
sight into the factors surrounding a comnlex model of a
packed-bed reactor including estimation of transport prop-
erties and heat transfer effects. More recently, Froment
(1974) reviews the current findings in the literature and
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comments on a number of still unanswered questions in
the modeling of chemical reactors. Extensions to Beek's
work are provided by Hlavcek (1970), particularly in the
area of narameter estimation problems. Parametric sensitiv-
ity in fixed-bed reactors is discussed by Carberry and White
(1969). Most of these studies address the problems appear-
ing in single reaction systems of specific order under steady
state conditions.

There are only a limited number of studies concerned
with transient effects in packed tubular reactors. Most of
these except Young and Finlayson (1973) appear to neglect
radial gradients. Inclusion of both axial and radial gradi-
ents gives rise to a set of three-dimensional partial dif-
ferential equations which presents a very dificult computa-
tional problem. Sinai and Foss (1970) consider an adiabatic
reactor in which a non-catalyzed reaction occurs in the
liquid phase of a solid liquid system. Crider and Foss
(1966) attempt to isolate the important factors affecting
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the dynamics of packed bed reactors although for their
system radial gradients are unimportant. Ferguson and
Finlayson (1970) make an attempt to analyze the validity
of the quasi steady state assumption often used in modeling
the dynamics of fixed bed reactors.

The equations describing the dynamics of chemical
reactors are often complex, requiring powerful computa-
tional techniques for solution. Villadsen and Stewart (1967)
and Finlayson (1971, 1974} discuss in detail the applica-
tion of orthogonal collocation techniques to chemical re-
action engineering, Ferguson and Finlayson (1970), Fin-
layson (1972), and Hanson (1973) also discuss various
aspects of orthogonal collocation as applied to reactor
dynamics.

Control of present day reactors in the process industry
appears to be still somewhat of an art (Lee and Week-
man, 1976), except perhaps for control studies on simple
CSTR or batch reactors (Marroquin et al., 1973). Multi-
variable control of plug flow reactors, however, appears
to be confined to the literature as a series of simulation
studies (Dyring and Kummel, 1973; Seinfeld, et al,, 1971;
Bertram and Chang, 1971), and the literature is extremely
sparse when it comes to application of control techniques
to actual processes or pilot plant reactors. Catalytic fixed
bed reactors often require a set of partial differential equa-
tions (PDE) to fully describe their complex dynamics.
A common approach is to reduce this set of PDE’s to a

set of ordinary differential equations (ODE), often lin-
earized, so that multivariable control and estimation theory
can be applied. Michelsen et al. (1973) address this prob-
lem on a noncatalytic system which is conveniently solved
by orthogonal collocation techniques to produce a small
set of ODE’s. In a subsequent paper (Vakil et al.,
1973) a control scheme is derived for the fixed-bed reac-
tor system. Owing to problems associated with concentra-
tion measurements, the system was assumed to have tem-
perature measurements only, and concentration measure-
ments are inferred through a model. Extensions to that
work are suggested, including investigation of gas solid
systems, where fluid residence time is small compared
with thermal transit time; reaction schemes are complex;
catalytic reactions occur; reactors are nonadiabatic; and
the reactant flow rates are manipulated for control.

The present work addresses the above problems by
obtaining a dynamic model of a complex exothermic cata-
lytic reaction system suitable for on-line multivariable
process control studies. This paper represents the first
of three stages in the control of a pilot scale butane hydro-
genolysis reactor. Part I addresses the model formulation
and reduction. Part II discusses the experimental analysis
and collection of data and model parameter estimation
problems. Finally, Part III concludes with the design and
implementation of a multivariable control scheme on the
pilot reactor using a minicomputer.

CONCLUSIONS AND SIGNIFICANCE

A mechanistic model describing axial and radial con-
centration and temperature gradients in a nonadiabatic
pilot scale fixed-bed catalytic reactor with three indepen-
dent reactions has been formulated. Through the use of
orthogonal collocation in both the radial and axial direc-
tions, the three-dimensional partial differential equations
were reduced to a low-order state space model in a form
suitable for parameter estimation and on-line multivariable
control studies. The differential equation models were
shown to agree with steady state temperature profile and
conversion data taken from the reactor, although detailed
fitting of the parameters and a comparison with data
collected under dynamic conditions is carried out in Part
II of this paper followed by control studies on the reactor
in Part III,

In previous applications, radial gradients have not been

present partly because of the complexity of the resultant
mechanistic models and also because most reaction schemes
considered have been less complex or less exothermic than
the present study.

Although a specific set of reaction equations was used,
the approach is general and could be used for any reac-
tion scheme in a packed-bed reactor. The order of the
reduced model is a function of the number of independent
reactions and the severity of the axial temperature gra-
dients,

Because reactor effluent concentration measurements
are infrequent in the pilot plant system, the model for
control purposes was written in terms of axial tempera-
ture profiles with an inferential measurement for com-
position, The performance of these inferential predictions
is shown in the applications to follow.

PROCESS DESCRIPTION

The reaction considered here is the hydrogenolysis of
butane, a highly exothermic series parallel reaction, carried
out over a nickel on silica gel catalyst in a fixed-bed, non-
adiabatic tubular reactor. A schematic diagram of the reac-
tor system is presented in Figure 1. The reactor consists
of a single 2.045 cm radius tube, 28 cm long, packed with
finely divided (average diameter 0.1 cm) catalyst particles.
The flow rates of the two feed streams, hydrogen and bu-
tane, are controlled using a minicomputer to maintain
control of the exit concentrations. In the absence of con-
trol, these concentrations would deviate from target owing
to internal or external disturbances (for example, catalyst
activity fluctuations or wall temperature fluctuations) of a
stochastic or deterministic nature. The inlet gases are pre-
heated to wall temperature by passing through a tube
filled with silica gel particles, heated by an electrical re-
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sistance heater. The wall temperature of the reactor tube is
controlled by countercurrent flow of heat transfer oil
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through the annulus of a cooling jacket. The oil tempera-
ture is controlled externally to the system shown in Figure
1. The reactor wall temperature is equal to the oil tempera-
ture and, for all practical purposes, independent of length
along the reactor.

Nine thermocouples are positioned inside the reactor at
equispaced points along the central axis. Several radially
located thermocouples are provided as well as thermocou-
ples to measure inlet and exit gas stream temperatures,

Exit concentration measurements are obtained using an
on-line process gas chromatograph (Beckman, Model
6700). Pressure in the reactor is usually set between 100
to 200 kPa, and pressure drop across the reactor is less
than 20 kPa.

All data collection and process control is accomplished
using a Data General 32 K Nova 2/10 minicomputer to
which the reactor process has been interfaced. A Control
Software Package (Tremblay, 1975) handles all the data
logging and control implementation for the system.

Details of the reactor design, control software package,
and process computer interfacing are provided by Trem-
blay (1977), who designed and built the pilot plant re-
actor and interfaced it to the minicomputer.

REACTION KINETICS

The butane hydrogenolysis reaction has been studied
previously by Orlikas (1970, 1972) and Shaw (1972,
1974). From their analysis, the hydrogenolysis reactions
may be represented by the following four (three indepen-
dent) reactions:

(1) C4Hyo + Hy— C3Hs + CHy

(2) C4Hjyo + Hy— 2CHg
(1
(3) CgHs + Hz-—) CzHe + CH4

(4) C2H6 + H2 o d 2CH4

The reaction rate models associated with these reactions
are given in Appendix 1.

REACTOR MODEL EQUATIONS

An overview of the problems associated with the model-
ing of fixed-bed reactors has been presented in the scope.
Further discussion of the specific assumptions employed for
this study follow below.

Catalyst Particle

In this reactor, the gases flow rapidly over solid, porous,
catalytic particles. The reaction is highly exothermic and
occurs on and within the small, approximately spherical,
catalyst particles. Orlikas (1970) and Shaw (1974) de-
termined that there are no interparticle or intraparticle
mass transfer limitations.

They also concluded that the effect of pore diffusion on
intraparticle concentration profiles is minor and hence that
concentration within the catalyst particle is uniform (Lev-
enspiel, 1972).

Under most conditions encountered industrially, catalyst
particles remain nearly isothermal (Froment, 1972, 1974;
Carberry and White, 1969), even for exothermic reac-
tions. This is especially true for the small catalyst particles
considered here. Shaw (1974) provided evidence that
this assumption is valid.

The presence of uniform concentration and temperature
profiles within the catalyst make the probability of multi-
ple steady states within the particle small. Industrially, this
is often the case (Froment, 1972, 1974), and a unique
steady state will be assumed here.
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In situations where it is not possible to assume uniform
catalyst particle profiles, the resulting complications to the
model would make it unusable for control; another ap-
proach to the problem would have to be sought. We as-
sume that the packed bed may be treated as a continuum
insofar as changes occur continuously and smoothly
throughout the bed. The ratio of bed diameter to catalyst
diameter is about 200, and under these conditions
(Hlavacek, 1970) this assumption is valid.

Gas Phase
The reactor operates at low pressure, and we assume
the gases obey the ideal gas law.

There is a minor pressure drop across the reactor, and
because the reaction is equimolar, we assume (provided
temperature rise is not too excessive) that the gas flow
may be represented as a movement of a plug down the
reactor with constant average velocity, independent of
radial position (Paris and Stevens, 1970; Beek, 1962).

Axial diffusion of mass and temperature has been neg-
lected in comparison with bulk flow or convective terms
(Beek, 1962; Shaw, 1974; Orlikas, 1970; Froment, 1974).
Shaw presents an analysis which shows that mass diffusion
can certainly be neglected. There is some evidence (Mears,
1976; Froment, 1974) that small errors may result in
steady state models if temperature diffusion terms are
neglected, that is, terms resulting from axial heat conduc-
tion through the catalyst mass. From an examination of
their criteria, these effects are minimal for the fast flowing
gases and small catalyst particles in the reactor system
considered here. From a control point of view, this assump-
tion is mandatory, since inclusion of these terms, apart
from making the equations computationally unfeasible,
would force us to deal with multiple steady states in the
gas phase, and the solution of a two point boundary value
problem, both of which clearly could not be considered for
an on-line control model.

Furthermore, for this fast flowing gas-solid system, the
difference between gas and solid catalyst temperatures
may be considered negligible. Industrial experience ap-
pears to support this (Froment, 1974; Gould, 1969).
Shaw (1974) presents an analysis to show that there is
ample driving force to remove the heat generated by reac-
tion and that essentially no temperature difference existed
between catalyst pellet and gas at steady state.

From a control point of view, there is a further problem
of measurement. Although, theoretically, it is possible to
measure separately the gas and solid temperature, in prac-
tice it is difficult. Recent work on a highly exothermic re-
actor system (Sharma, 1977) in which thermocouples were
actually embedded in catalyst particles considerably larger
than those in the present study has shown that the dynamic
differences between catalyst and gas temperatures are
small. For practical measurements of gas temperature
only, the thermocouple may be surrounded by a meshed
cage. These practices can seriously disrupt flow patterns
and are not common industrial practice. There is also the
question of measurement error. The difference between
gas and solid temperature (< 5°K) is of the order of error
associated with the thermocouple (Jutan, 1977).

Heat Radiation Between Solid and Gas

Heat transfer by radiation from the solid catalyst to the
gas can have a significant effect on the temperature dynam-
ics in the reactor, especially at the high temperatures at-
tainable by highly exothermic catalyzed reactions. Accord-
ing to Hlavacek (1970), heat transfer by radiation need
only be considered for operating temperatures in excess of
673°K (400°C), and since our operating temperatures
should remain between 520 to 570°K, radiation should
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not be excessive. However, if radiation became significant,
it would have the effect of enlarging the convective heat
transfer parameter [see Equations (3) and (4)], and
hence this parameter should properly be considered to be
an overall heat transfer coeflicient. Beek (1962) also in-
cludes a radiation term in his correlation for effective radial
conductivity Ae,; this procedure is used for parameter esti-
mation (Jutan et al,, 1977a).

Radial Gradients

In this reactor, extensive cooling is provided at the re-
actor wall to ensure that temperature runaways can be
prevented. This cooling can cause steep radial gradients,
and temperature drops of up to 55°C have been observed
across the radius (2 cm) of the reactor (Tremblay, 1973).

Radial gradients are almost always ignored in any un-
steady state analysis of reactor systems, partly because of
the resulting complications to the model. In any industrial
situation where wall cooling is required for satety or con-
trol, radial gradients will exist. Nowhere, to our knowl-
edge, has an attempt been made to include these gradients
in any dynamic model, and the majority of dynamic stud-
ies avoid systems which exhibit appreciable radial gradi-
ents. Our reactor, unavoidably, has significant radial gradi-
ents, and these are accounted for in the model.

The Reactor Model

For clarity, a distinction is made between the gas tem-
perature T, and the solid temperature Ts. This allows two
energy balances to be written along with the mass balances
for each of the three independent species. The following
normalized equations result:

Mass balance
— G, oCt D, @ (r aC? ) pRt  8C

eL 0z eRr :')7 or e ot
(2)
-where i = 1, 2, 3 is the component number.
Energy balance: gas
GOCPng BTg Aer @ (1‘ aTg )
L 3z R or ar
aT,
+ haps(Ts — Tg) = Cpgpge ot (3)
Energy balance: solid
2 aT,
— haps(T, — T,) + gl ARRi(Ts)ps = Cpepn -
(4)

The two energy balances may be combined by eliminat-
ing the term between them which describes heat transfer
between solid and gas, happ (Ts — T,). If the assumption
of equal solid and gas temperatures is made and the homo-
geneous gas/solid temperature is defined as T, Equations
(3) and (4) become:

Energy balance: solid/gas

= GCops 3T, der_ 2 (r aT)
LC 9z  R2Cr or or

i=1 aT
+ — =— (5)
C at
where
C= [CPSPB + Cpgpge] (6)

is a gas/solid heat capacity term.
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Boundary conditions

aCt  oT

=0 ——=——=
r P p™ 0 (symmetry)
dCt aT @
’ or or (Tw—=T1)
2=0 T=T, foralr
. A (8)
Ci=Ci (inlet) forallr,i =1,2,3
t=0 T =T (initial) (1, 2)
(9)

Ci= C? (initial) (r,2)i=1,2,3

The expressions for the rate equations R* are given in Ap-
pendix 1. We can also identify (Gould, 1969) the thermal
(v7) and concentration (v¢) wave velocities as

- Gacnga

v 10

T TC (10)
G,

UC_-:E (11)

Equations (2) and (5) represent four coupled, three-
dimensional nonlinear partial differential equations. In
their present form, a solution (even numerically) is not
feasible, and it is necessary to seek some approximation to
these equations that will reduce them to a form suitable
for use for on-line control. The method of orthogonal col-
location is used.

STATE SPACE REACTOR MODEL

In the previous section, a set of partial differential equa-
tions which describe the dynamics of the concentration and
temperature profiles in our fixed-bed reactor was devel-
oped. In this section, these equations are broken down and
simplified so as to fit into the framework of modern multi-
variable control theory which most often requires a model
for the process to be expressed as a set of linear(ized)
first-order ordinary differential equations in the (state
space) form:

x(t) = Ax(t) + Bu(t)

y(t) = Hx(t)

Once the dynamic equations for the system have been
expressed in the standard form of Equation (12) and
model parameters are estimated, much of the current mul-
tivariable control theory may be used to design one or
more multivariable control schemes. When we deal with
real processes, it will generally not be possible to describe
the system exactly in terms of the deterministic state Equa-
tions (12), and one can account for noise in the system,
modeling errors, and measurement errors by identifying
and by adding a stochastic noise term to these equations.
This is discussed elsewhere (Jutan et al., 1977a).

The first step is to express the set of nonlinear partial
differential Equations (2) and (3) in the state space form
given by (12). Because we are going from partial differ-
ential equations (PDE’s) to ordinary differential equations
(ODE’s), some form of discretization of spatial variables 7
and z is necessary, so as to produce an ODE in time at
each grid point in the z, r domain. In general, these equa-
tions will be nonlinear (since the PDE’s were nonlinear),
and it is necessary to linearize about some operating profile
in the %, r domain. This operating profile could be obtained
first by solving the steady state versions of the original

(12)
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PDE’s, or by choosing a profile from historical records.
Although the discretization problem appears to be rela-
tively straightforward, the following example illustrates
that it is not trivial for this system. Assume that five grid
points are adequate for discretizing the radial direction r
and twenty grid points for axial direction z. This would
define a mesh of 100 grid points. At each grid point there
are four ODE’s in time, one for each of the three concen-
trations and one for the temperature. Hence, the total
number of ordinary differential equations necessary to de-
scribe the system would be 400. This is much too large a
model for control.

Also, any discretization or lumping procedure in the
axial direction would probably have to take into account
the position of the hot spot (and discretize more finely
here). This would mean that the discretization would have
to change for different operating conditions, which is a
great disadvantage. The method of orthogonal collocation
has been very successfully applied to simplify reactor equa-
tions (Finlayson, 1971, 1972, 1974; Ferguson, 1970) and
provides a powerful method for transforming PDE’s to
ODE?s.

ADAPTION OF COLLOCATION FORMULAS
TO REACTOR SYSTEM

Collocation formulas developed for derivatives (Villad-
sen and Stewart, 1969) are easily extended to partial de-
rivatives by simply collocating with respect to a single in-
dependent variable. For example, the partial derivatives of
temperature with respect to r at collocation point r; are

given by
aT(n) n+1
r=ry 2 = 2 AymT M (2, 1) (13)
i=1
1 a( aT<n>) nrl
=ry; — — — Bi-(")T'(") Lt 14
= oo )= X BTG ()

where Tj(z,t) is written for T(rj, z,t), a function of z
and ¢, Villadsen and Stewart (1969) and Finlayson (1972)
have tabulated values for the collocation weights A;™
and Bi].(‘n)‘

Radial Collocation

The order of collocation approximation (n) in (13)
and (14) necessary to approximate a function is not known
beforehand and remains very much a matter of judgment.
Experimental measurements (Tremblay, 1973) and an
examination of typical temperature and concentration
radial profiles in the literature (Finlayson, 1971) indicate
that often radial gradients in temperature may be well
represented by a quadratic and the corresponding radial
concentration profiles by a quartic.

For the symmetric radial profiles in the reactor, a suit-
able trial function is given by (Villadsen and Stewart,

1967)
T™(r,z,t) = T(1,z,t)

+(L=12) D @™ (zt)Pu(r?)  (15)

k=0

where the a;x‘™ are unknown coefficients and Py are Jacobi
polynomials.

The technique in applying orthogonal collocation here
is to write the three-dimensional differential equations as
an enlarged set of two-dimensional equations at the collo-
cation points in r. Extensive use of the boundary conditions
is then made to derive relations between the dependent
variables at the collocation points and hence eliminate
some of them, reducing, in turn, the number of equations.
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As illustrated in Figure 1, the axial temperature profile
of the reactor is measured by a set of thermocouples lo-
cated along the reactor bed (r = o). These axial tempera-
tures provide some indication of the overall behavior of
the reactor.

Temperature Equation
Atr = o, the energy balance Equation (5) becomes

0T,
—v
! 0z
3
2 Ah;Ripp
cdafragerny) H | n
RC L r or or o C ot
(16)
Using L'Hopital’s rule

2
2L0)] (2] w
r or or o ar2 1,
Orthogonal collocation is now used to obtain an expression
for Equation (17) in terms of T, and the known wall
temperature T, Using Jacobi polynomials for the approxi-
mation (which results in a quadratic temperature profile),
two collocation points are obtained at r = 0.577, r = 1.0.
The center point is not a collocation point, and in order to
obtain an expression for the temperature at r = 0, write
(15) in an alternative form (Finlayson 1971) with T sym-
metric with respect to 7

n+l

T =3 def~2 j=1.,n+1 (18)
i=1

Evaluating the coefficients d; in terms of the temperatures
at the collocation points, for a first collocation approxi-
mation ((n) = 1), an extrapolation is obtained to the
center point temperature T, Dropping the collocation
superscript (n) = 1 here, write the extrapolation formula
as

To(z, t) :—Z—Tl(z, t) —-%Tz(z,t) (19)

where
Tj(z, t) = T(Tj, 2, t)

The boundary condition at the wall has been character-
ized by Beek (1962) in terms of a Biot number B; [see
Equation (7)]:

aT

o = Bi<Tw -T) (20)

r=r2

The use of the first collocation approximation from Equa-
tion (13) [omitting the collocation superscript (n) = 1,
here] results in an expression for the first derivative in r,
at the edge of the bed:
aT
e = AnTy + AT, (21)

r=rg

Similarly, an expression for the second derivative may be
derived from Equations (14) and (19) and then (17) to
give

82T

or?

= By T1 + BpeT; (22)

where the Boj’s are functions of the collocation parameters
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A;; and By;. Equating Equations (20) and (21) and using
(19), we may eliminate all the temperatures except T, and
Ty. By further substituting the numerical values for the

collocation constants A;; and Bj;, we get

*T — 2B;

= — T, —
- Gy [T = Tl (23)
[
and
2 B;
To=T(r=1 :(——)T (——l——)T
=Tr=0 =g )Tt g3z /T
(24)
Equation (16) then becomes
aT NerdB;
— Ut 2 _—_e_r_g__ [Tw - To]
oz R:C(B; + 2)
3
2 Ah;Ripg
i=1 oT,
_ | = 25
+ = pr (25)

[+

The temperature equation has now been reduced from a
three-dimensional equation in variables (7, 2, t) to a two-
dimensional equation in variables (z,t). This reduced
equation is a function of the axial temperature T', only, but
includes radial information via the wall temperature and
Biot number. Radial temperature profiles can be obtained
from the collocation Equation (18) or (19).

Concentration Equation

For the radial concentration profiles, standard boundary
conditions require a zero first derivative at the reactor cen-
ter r = o and the reactor wall ¥ = 1 (7). A suitable poly-
nomial satisfying these requirements is a quartic, and this
requires a second collocation approximation and three col-
location points:

7, = 0.3938 1, = 0.8031

Again, the axial point is not a collocation point. Notice also
that collocation point r3 = 1.0 for the second collocation
approximation coincides with collocation point 7, = 1.0
for the first collocation approximation used in temperature.
Writing the concentration equations at points 7, = 0 and 73
= 1.0, we get

r3 = 1.0

r=r3=10
aCst D., [l a( BC)]
— Uc + — —\r—
0z R% Ly or or r=rg
Rt aC;t
_ Rps =G 9
€ ot
r=1r3
r=20
8C D,, [1 ] ( BCi)]
— U¢ + —_ —r—
9z REE L7y or ar r=0
R; aC,t
-= (27)
€ ot
r=0
i=1,2,3

If we proceed in a similar manner to that followed for the
temperature equation, the corresponding concentration
equations (for second collocation approximation) are

C,t = 1.5572 C,i — 0.8922 Ci + 0.3350 C5¢  (28)

and from (7) and using the form (13) we get
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aCi . .
-a—r— = A31C1’ + A32C21‘ + A33C3i =0 (29)

r=rg

where ¢ = 1, 2, 3 is the component number. The informa-
tion that the first derivative is zero at r = 0 has already
been included by the assumption of the quartic radial pro-
file from which Equation (28) is obtained. For example,
from Equation (18) with collocation approximation order
(n) = 2, we get
Cj = dl + dgsz + d37j4

which provides for symmetry in r and a zero first derivative
at r = 0, as did the temperature equation. Thus, for the
concentration equation, there are only two equations (28)
and (29) between the concentration at the four radial
points, 7o, 71, Ty, 73, and the partial derivative in r may be
expressed in terms of C, at r, and Cg at rg:

[22(:22)]
r ar or r=rg

= B3;Cy} + B3Csl + B3sCst = B13Cot + B3Cy

1 Ct (%)
[_r— :_r(raar >] =0

r

= By Cyt + BpeCyoi + BosCsi = BnCot + Bo2Cast

Substituting Equations (30) into (26) and (27), we get
the set of differential equations

acsi Der
_ C i Ci
O¢ y + R [B31Co* 4 B32Cs']
R aCst
_tee =% (31
€ ot
r=r3
— v 5C°i+ Der [BoiCot + BazCiil
C oz Rze 01%vo 02\~ 3
Ri 3C,
Sl =2 (32)
€ ot
r=0

component number { = 1, 2, or 3.

which, together with the temperature Equations (24) and
(25), provides the complete collocation model.

The system has now been reduced to seven, two-dimen-
sional, differential equations, six in concentration and one
in temperature, including an algebraic equation for tem-
peratures at r = 1. The steady state versions of Equation
(31), (32), (24), and (25) were used (Jutan, 1976) using
initial reactor parameter values from the literature to ob-
tain comparisons of the reactor model with steady state
data (Tremblay, 1973). The highly exothermic nature of
the reactions resulted in steep temperature gradients along
the z axis. Because of this, a variable step size integration
procedure, Hamming’s modified predictor-corrector, was
used for the simulations. Computation time on a CDC 6400
was about 20 CPU s. By comparison, a fourth-order Runge-
Kutta method required about 45 CPU s for comparable
accuracy.

Figure 2 compares the axial temperature profile pre-
dicted by the model equations with that obtained experi-
mentally. Apart from the difference in entering gas tem-
peratures, these profiles are in good agreement. (The dis-
crepancy in inlet temperatures was caused by the absence
of a feed preheater at the time the data were taken. To
simplify the PDE model solution, it is convenient to have
the gases enter the reactor at the wall temperature. This is
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Fig. 2. Comparison of steady state temperature data with simulation
profiles.

the case in later studies.) No point concentration measure-
ments are available. Nevertheless, the overall predicted
conversion of butane (77% ) agrees well with the actual
value obtained experimentally (76%). In addition, the
model is able to predict variations in hot spot locations
and butane conversions observed experimentally (Trem-
blay, 1973; Tremblay and Wright, 1974). Detailed fitting
of actual reactor data is described in Part II of this paper
(Jutan et al., 1977a).

Although these tests are by no means exhaustive, they
provide some confidence in the collocation methods used
here. The equations may now be reformulated to obtain a
state space model representation [see Equation (12)] for
the reactor.

Quasi Steady State Approximation

Up until this point, the development has been perfectly
general in the sense that no specific reaction scheme or
reactant properties has been assumed in the development
of the mathematical model. However, in the present re-
actor, as with most solid catalyzed gas reactions, the ratio
of the concentration wave velocity vc to the thermal wave
velocity vr [see Equations (10) and (11)] is very large
(~ 1400, here). This, in effect, implies that the concentra-
tion profiles reach a quasi steady state rapidly and that this
quasi steady state then follows the slowly changing tem-
perature profile.

In order to examine the relative dynamics of the concen-
trations and temperatures in the reactor, a high order (120
X 120) linearized model was derived from the radially
collocated equations. Simulation studies (Jutan, 1976)
showed that the concentration responses to a step input in
flow rate had reached a quasi steady state within 3 s. Fur-
thermore, since the control studies (Jutan et al., 1977b)
were to use a 1 min sampling interval, it was clear that the
concentration dynamics could be ignored.

The quasi steady state approximation allows the concen-
tration time derivatives to be set approximately to zero in
Equations (31) and (32). Note that this does not imply
that concentrations are not a function of time, since con-
centrations are coupled to temperatures in the solution of
the above equations, and temperatures obviously change
with time according to (25). Incorporating the quasi
steady state assumption, the concentration Equations (31)
and (32) become
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3C3{ Dgr . R':PB
= C,t Call — 33
P Fvg [BaiCof + Ba2Cal o (33)
r=rg
aC.} Der ) Ripp
= C,i Cill — 34
P Revo [Bo1Cot + Bo2Cst] e (34)
r=0

Axial Collocation

Typical concentration profiles along the length of the
reactor, obtained from steady state simulations (Jutan,
1976), indicate that these profiles can be approximated by
relatively low-order polynomials. However, certain tem-
perature profiles may need a much higher order. The con-
trol problem which is discussed in Part III of this paper
is to control the selectivity of the reaction as opposed to
the conversion of butane. For this case, the axial tempera-
ture profiles are not nearly so severe as they are for high
conversion. Michelsen et al. (1973) used axial collocation
for their reactor and were able to adequately represent
the dynamic behavior using six collocation points. Although
more collocation points can reduce approximation error,
numerical ill conditioning induced by the collocation
weights begins to swamp the error.

One of the problems of fitting high-order polynomials to
process curves is that the polynomials, if of sufficiently high
order, may begin to ripple along the curve, and since these
collocation formulas are being used to approximate deriva-
tives, the dangers are apparent. The order of the colloca-
tion approximation must be chosen with these facts in
mind. It is seen in the next section that the order (n*) of
the state space model becomes equal to the order of the
collocation approximation (n), plus 1. A sixth-order collo-
cation approximation was tentatively assumed [(n) = 6].
(This implies seven collocation points, excluding z, = 0,
where inlet conditions are constant over a sample period.)
A nonsymmetric function is required, and Finlayson
(1972) suggested one of the form

n+1

T™ =T(z2=0) + z 2 4" P;-1(z) (35)
i=1

where a;'™ are coefficients to be determined, P; are
Legendre polynomials, (n) is the order of approximation,
and T is a polynomial of order n + 1. An analogous ex-
pression for the first derivative is obtained for collocation
point z; at z = z;:

aT(") n+1
= Dl.j(n)T].(n) (z, t)
0z —

i

(36)

A corresponding expression for the concentration deriva-
tive may be written. The D;;™ weight may be calculated
according to Finlayson (1972), Chapter 5.

A previous analysis (Jutan et al., 1974) approximated
the axial derivatives using a finite difference scheme tail-
ored to the expected axial profile for temperature. The
study was also more general in that the quasi steady state
approximation was not used. This analysis required the
time derivatives of concentration to be explicitly accounted
for and resulted in large reduced order (eighty equations)
state space models for the reactor.

Application to the Reactor Equations

Rewriting Equations (25), (33), and (34) using (36)
to approximate the axial z derivative, one obtains a set of
(n 4+ 1) ODE’s from the temperature Equation (25), at
n 4+ 1 (= 7 here) different axial collocation points z;. Two
sets of algebraic equations are obtained from the concen-
tration Equations (33) and (34). The temperature differ-
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ential equations are obtained as

e dT,® i oT,
=R T T T
2
3
EAhiRiPB
AAB i=1
— T [Tw— To(i)] +
RT(B; + 2)
r=0
(37)

i=12,...n* where n*=n-+1

When Equation (36) is substituted for the axial derivatives
where they appear, two sets of algebraic equations are ob-
tained from Equations (33) and (34) and a set of n + 1
ordinary differential equations from Equation (37). These
equations form the basis for a low-order nonlinear model
of the reactor and may be used for simulation studies once
parameters of the system are obtained.

All equations at this stage are nonlinear, and to obtain
the standard state space equation we must linearize the
algebraic and differential equations about some operating
profile. An operating profile can be calculated from the
nonlinear steady state versions of Equations (25), (33),
and (34) with (24) by simply setting all time derivatives
to zero and integrating the resulting set of nonlinear ordi-
nary differential equations in z. If the radial temperature at
the edge of the bed T is expressed in terms of the tem-
perature along the central axis To, using Equation (24)
the two sets of algebraic equations and the set of ordinary
differential equations can be expressed in terms of the de-
viation variables AC,, AC3, AT,, together with two controls
Ay, Aug representing the flow rates of the two reactants.
The following equations are obtained:

AlACo = AzATO + AgACl + A4Au (38)
B,AC, = B,AT, + B3AC, + BjAu (39)
dAT,

= ElAT,, -+ EZ-ACO -+ E;gAu (40)

Calling the state space model order n* = n + 1, we get

AC, = [AC.! (21), ACoH (22) . .. ACH zn.),
o ACB(21) ... AC3(2a) T

AT, = [aT,{(z1), AT, (z2) ... ATo(zn) Y
Au = [Auy, Aus]’

and A;, By, E;, § = 1, 2, 3, (4) are matrices of constants
representing the partial derivatives of the various terms in
Equations (25), (33), and (34) evaluated at a given op-
erating profile.

It is possible using Equations (38) to (40) to eliminate
concentration to obtain a self-consistent set of n® linear
ordinary differential equations in temperature alone.

From (38) and (39)

aC,; = XjAT, + XoAu (41)
substituting into (40) we get
daT, — -
dt" =A AT, + B Au (42)

where
X; = (A1 — AsB;71B;) “1(As + A3B;71B;)

X, = (A; — AsB;7'B3) "1 (As + AsB,7!By)
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(43)

In our case, a value of n® = 7 was tentatively assumed to
be adequate after simulation with higher orders (up to n
= 11) resulted in essentially identical profiles. Lower val-
ues of n* (< 5) began showing differences in the profiles.

To investigate the effects of axial collocation and of lin-
earizing the model about a steady state profile, simulation
studies with step changes in feed rates were carried out on
both the linearized Equations (41) and (42) and on the
steady state versions of the reactor Equations (31) and
(32) (Jutan, 1976). The combined effects of nonlineari-
ties and axial collocation were shown to have some effect
in the simulations, but the importance of these in a model
for control purposes can only be assessed in the ultimate
performance of the controller on the pilot plant reactor
{see Jutan et al., 1977b).

Discrete State Space Model

Although the state space model (42), which is now in
the standard form of Equation (12), can be used to formu-
late optimal control schemes, the reactor is to be controlled
directly by a digital computer. It will be more convenient
to have it in the corresponding discrete form for which the
formal discrete solution is well known (Noton, 1965):

x(t + 1) = Fx(t) + Gu(?)

y(t) = Hx(1)

In the state Equation (42), the seven state variables (n®
= 7) are the deviation temperatures (about the operating
profile) at the n® collocation points along the central axis
of the reactor. In the actual reactor, temperature measure-
ments are available at nine equally spaced points along
the central axis. The normalized distances at which these
temperature measurements are available are compared
with the seven collocation points in Table 1. The nine mea-
sured temperatures were converted to seven temperatures
at the collocation points by quadratic interpolation using
the nearest measurements around these points.

With the seven interpolated collocation temperatures,
the measurement Equation (44) becomes

y(t) =1x(t) (45)

(44)

Concentration as a Function of Temperature

The measurement equation given in (44) is general
enough to accommodate the form suggested by Equation
(41) for concentration as a function of temperature. Since
the concentration variables of interest are the radially aver-
aged concentrations at the reactor exit, Equation (41) has
to be modified for averaged concentrations.

TABLE 1. TEMPERATURE MEASUREMENTS AND COLLOCATION
Points FuncrioN oF NorMaLIZED REACcTOR LENGTH

Measurements Collocation points
0.0 0.0
0.034 0.034
0.158 0.169
0.282 0.381
0.407 0.619
0.531 0.831
0.655 0.966
0.779 1.0
0.904
1.0
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Following Villadsen and Stewart (1967), the radially
averaged concentrations throughout the reactor may be
obtained using the collocation integration formulas:

n+1

— 1 ) .
Ci(z,t) =2 j; Ci(z,t,r)dr = 2 w;mCi(z, t, ;)
i=1
(486)
where w;™ are nt order collocation integration weights.
Assuming a quartic radial profile for concentration, we get

Ci=wCol + weCsl, i=1,2,3 (47)

and in terms of deviation variables

ACi=w,AC,' + w,ACs,, i=1,2,3 (48)

The expression for AC,f in Equation (41) together with an
analogous one for AC3' may be substituted into (48) to
obtain an expression for the vector of radially averaged
(deviation) concentrations AC as a function of (deviation)
temperatures and (deviation) manipulated variables at
the previous time interval in the form

AC(t) = X3aT, () + XsAu(t — 1) (49)

The mixed exit concentration vector ACex (at 2 = 1.0) can
be obtained by selecting that row of matrices X3 and X,
which correspond to exit conditions for each of the three
species. Thus, the three-element vector of radially averaged
exit concentrations can be expressed in terms of the tem-
peratures and flows as

ACey (1) =MAT,(t) + Nau(t — 1) (50)

Thus, Equation (42) in discrete form together with Equa-
tion (50) provides a low-order linearized state space model
of the dynamics of a complex reactor system, In Part II of
this paper, the parameters of the process models are esti-
mated from plant data, and in Part III a control study
using these fitted models is discussed (Jutan et al., 1977a,
1977b).

APPENDIX 1: BUTANE HYDROGENOLYSIS KINETICS

The kinetics of the n-butane hydrogenolysis reaction on a
nickel on silica catalyst have been modeled by Orlikas (1970)
who did the fundamental work and then by Shaw (1974) who
improved the model. They have postulated a mechanism for
the reaction based on the following assumptions:

1. Butane and propane are absorbed on the catalyst surface
and reaction takes place entirely as a surface catalyzed reaction.

2. The reaction products from these reactions may react
further or be desorbed.

3. Because of low probability of breaking two or three
carbon bonds simultaneously, reactions converting butane and
propane to methane are assumed not to occur.

The net rates of reaction based on these assumptions have
been established and are presented below. From a number of
treatments with actual experimental data, the parameters have
been estimated to yield the best fit.

Reaction Rates of the Reaction Species
Net rate of disappearance of butane:

Rogngo = k/kot AP a9 Py

where A = kp-exp{—AEg/RT}.
Net rate of appearance of propane:

F:RegHyg — k/koB-P™’cgug P gy
1+C
where B = kpy-exp{—AEpi/RT}
C = kpy-exp{—AEpy/RT}

Rcgug =
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Net rate of appearance of ethane:
(2 — F)-Rcgnio — Rogug — k/kos D P cog Py
1+ G
where D = kg1-exp{—AEg1/RT}

G = kgz'exp{—AEgz/RT}

Rcong =

Net rate of appearance of methane:
RCH4 = 4'RC4H10 — 3'RC3H5 - 2‘RC2H3
Net rate of disappearance of hydrogen:

R}Iz = 3'RC4H10 -— 2'RC3H8 bt RC2H6

where

F = fraction of butane which reacts to propane

k/k, = catalyst activity (dimensionless)

kg = lrequency factor for butane
(mole/(s-g catalyst-atm(m'+2n7))

AEg = activation energy for rate of butane cracking
(cal/mole)

m’ = exponent on butane partial pressure

n’ = exponent on hydrogen partial pressure in the bu-
tane rate expression

Pcynyp = partial pressure of butane (atm)

Py, = partial pressure of hydrogen (atm)

kp1 = preexponential factor in propane rate expression
(mole/(s-g catalyst-atm(m”+n")))

kpy = preexponential factor in propane rate expression

(dimensionless)
AEp1,AEp; = activation energies in propane rate expression

(cal/mole)

m” = exponent on propane partial pressure

n” = exponent on hydrogen partial pressure in the pro-
pane rate expression

Pcgug = partial pressure of propane (atm)

ket = preexponential factor in ethane rate expression
(mole/(s+g catalyst-atm(m™ +2")}

kgo = preexponential factor in ethane rate expression

(dimensionless)
AEg1,AERs = activation energies in ethane rate expression
(cal/mole)

m’” = exponent on ethane partial pressure

n” = exponent on hydrogen partial pressure in the
ethane rate expression

Pcyng = partial pressure of ethane (atm)

i = rate of disappearance or appearance of component i

(mole/(s-g catalyst))

T = reacting temperature (°K)

R = universal gas law constant [atm-cm3/(mole °K)]

Values of Kinetic Parameters: Shaw (1974)

(a) Butane rate
kg = 10158

AEp = 5.1 x 10¢

m =1
n =

—2.34 (or —2.15)

(b) Propane rate expression

kpy = 10106 AEps = 3.0 xX 104
kps = 10122 m” = 1.0
AEp; = 4.0 X 10¢ n” = —2.15 (or —2.08)

(c) Ethane rate expression

kg1 = 10452 AEps = 1.6 x 104
kgs — 10881 m" = 1.0
AEp; = 2.6 X 10¢ n' = —221
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NOTATION

a = heat transfer area for catalyst, m?>/kg catalyst
Ay = collocation weights for first derivative

2:(z,t) = collocation trial function coeflicients

= n X n dynamic state matrix (12)

B; = Biot number (h,R/Ae;)

B;;'™ = collocation weights for Laplacian

B;; = derived collocation weights

B = control matrix (12)

Ct = concentration of species i, mole/cm?

C* = radial average concentration of species i, mole/
cm?

Ci# = concentration of species i at radial collocation
point §

Cps = specilic heat of solid, J/ (kg - °K)

Cpy = specific heat of gas, J/ (kg * °K)

C = specific heat term [Cpypp + Cpyrgel, Equation (6)

D., = effective radial diffusivity (based on empty reac-
tor volume), m2/s

dp = catalyst particle diameter, m

D™ = collocation weights, Equation (36)

E = reaction activation energy, J/mole

F = matrix for discrete state space model, Equation
(4-56)

Gn = mass flow rate based on area of empty reactor,
kg(m? - s)

G, = superficial gas velocity, m® gas/ (m? reactor - s)

G = control matrix, Equation (44)

h = heat transfer coeflicient particle to fluid, W/ (m? -
OK)

hy = heat transfer coefficient at reactor wall, W/ (m? -
OK)

H = m X nmeasurement matrix (44)

I, = m'% order unity matrix

s GmdP
Npep,, = Peclet number for radial mass transfer ( )
ptler
G'm.dP
Npen . = Peclet number for axial mass transfer (-—- >
Pllez

Npep, » = Peclet number for radial heat transfer
( GnCrdp )
Aer

Gnd
Ngr. = Reynolds number for particles ( P )
I

(n), n = order of collocation approximation

n = order of state space model, (n* = n -+ 1) (4-51)
P;(1?) = orthogonal polynomial symmetric in r

radial distance in reactor (normalized)

r =

r; = radial collocation point j

R = radius of reactor bed, m

R = netreaction rate for species i, mole/ (kg catalyst *
s)

R; = reaction rate for reaction i, mole/ (kg catalyst - s)

T = homogeneous gas/solid temperature, Equation
(5), °K

T; = temperature at radial collocation point §, °K

T, = temperature along center axis of reactor, °K

Ty, = temperature of reactor wall, °K

T, = gastemperature, Equation (3), °K

T, = solid (catalyst) temperature, Equation (4), °K

t = time: continuous (s); discrete (min}

u = vector of manipulated variables

vor = thermal wave velocity GoCypz0,/L C, m/ (s * m)

vc = concentration wave velocity Go/eL, m/ (s - m)

w;™ = collocation quadrature weights

x(t) = state vector at sample time ¢

X = time derivative of state vector (continuous)

y = vector of output variables

AIChE Journal (Vol. 23, No. 5)

z = axial distance along reactor (normalized)
= transpose of matrix or vector
= derivative with respect to time, for example, x

~

Greek Letters

Aer = effective radial thermal conductivity, W/(m * °K)
ps = bulk density of catalyst, kg/m3

pg = gas density, kg/m?

Ah; heat of reaction for reaction 4, J/mole

€ void fraction, m3 gas in voids/m? empty reactor

v?2 Laplacian operator

Bii =derived collocation weights

A = prefix for deviation variable about steady state or
operating point, example C; = C, — C, (steady
state)

Subscripts

ex = exit conditions for reactor

i = species number

p = center axial conditions
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Part Il. Data Collection, Parameter Estimation, and Stochastic

Disturbance ldentification

A state space model, developed for multivariable control studies on a
pilot plant packed-bed reactor for the hydrogenolysis of butane, is fitted
to experimental temperature and concentration data collected under un-
steady state conditions. The parameters estimated are the fundamental
transport parameters of the packed-bed reactor and a catalyst activity
parameter. A discrete stochastic model for the process disturbances is also
identified, and a principle component type of procedure is used to reduce
its dimensionality and to gain insight into the nature of these disturbances.

SCOPE

Considerable work has been done on the steady state
modeling of nonisothermal packed-bed tubular reactors
and the estimation of the transport properties in these
reactors, Some of the difficulties associated with this es-
timation problem have been discussed by Beek (1962),
Froment (1967, 1974), Hlavacek (1970), and Carberry
and White (1969).
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For reactor control purposes, an unsteady state or dy-
namic model of the reactor is required. While a detailed
description of the reactor dynamics can be obtained in
terms of partial differential equations derived from un-
steady state material and energy balances, such a model,
used directly, is certainly impractical and unnecessarily
complex for process control. Empirical models, such as
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